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Introduction

The Gross-Pitaevskii (GP) Theory is an effective theory for interacting
bosons at low temperature; let 5 € (0,1) and consider initially the
following many-body Hamiltonian:

N
S Ve + Y A (0 g ).
j=1 1<j<k<N

If we evaluate the energy per particle of a completely factorized bosonic
state of the form

\VN (Xl, X2y ... 7X/\/) = l/J(Xl)lﬁ(Xg) v Q/J(XN)
with [[1)]] = 1 one gets as N — 400

W AN o (V)0 + 2 (0 (N ) )

= (), (~0+ V(N)¥) + 2 [li = 9]

with a = [ps v(x)dx > 0.
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Introduction

@ The infimum of the many-body energy is indeed well approximated by
minimizing a one particle energy functional, the GP energy functional
ESP (proven in [LSY00]).

@ Moreover if the initial datum is factorized then (see e.g. [BOS14],
[P15] and [AFP16])

o - ] -o
Jhim [e) (W]
where y¥n:t is the one-body reduced density matrix of Wy ;, with

i0:Vn ¢+ = HyWp ¢+ and with 1); solving the time dependent GP
equation

iOethe = (=D + V(r)) ve + altpe[*¢r.
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@ Moreover if the initial datum is factorized then (see e.g. [BOS14],
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Jhim [e) (W]
where y¥n:t is the one-body reduced density matrix of Wy ;, with

i0:Vn ¢+ = HyWp ¢+ and with 1); solving the time dependent GP
equation

iOethe = (=D + V(r)) ve + altpe[*¢r.

Preservation of the regularity of the solution to the GP equation is
needed in this approaches (Strichartz's estimates and similar).
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Introduction

@ The framework studied in the previously mentioned works is such that
if we denote by gy the scattering length of the potential N3~y (NP.)
then

NgN — a.
N—+oo

When 8 =1 this is called GP limit, while if 5 < 1 we refer to it as
GP-like limit. It is a particular type of dilute limit, meaning that if p is
the mean density then pg3, < 1 (in this case pgs ~ N72).

o A different framework that can be considered is the Thomas-Fermi
(TF) limit, in which the gas is still dilute (i.e. pgy < 1) but

Ngy —— +o0.
N——~+oc0

This is the setting in which several experiments are carried on and it is
particularly relevant for experiments on rotating Bose-Einstein
Condensates.
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Mathematical Framework  Many-Body Hamiltonian

To study the TF limit we start from a Many-Body Hamiltonian of the form

N

=3 (A V) + ST (g )

j=1 1<j<k<N

where
e V(x) = k|x|® is the trapping potential, s > 2
@ vy is the interaction potential, vy(x) = N3*v(NPx)
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Mathematical Framework  Many-Body Hamiltonian

To study the TF limit we start from a Many-Body Hamiltonian of the form

N

=3 (A V) + ST (g )

j=1 1<j<k<N
where
e V(x) = k|x|® is the trapping potential, s > 2
@ vy is the interaction potential, vy(x) = N3%v(NPx); we set
e =R Jye vn(x)ebx = B2
e Gross-Pitaevskii limit: Ngy = const as N — 40
e Thomas-Fermi limit: Ngy = Rya>1as N — +oo (a > 0)
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Mathematical Framework  Many-Body Hamiltonian

Formally the expected limiting equation is now the time-dependent GP
equation with N-dependent nonlinearity, i.e.

i0ehe = (—A + V(x)) ¥e + Rt [*1):.

In this case the kinetic term is negligible with respect to the other terms as
N — +o0, and it was proven in [BCPY07]

f AV 4+ N —
=t <w’ < VRSl

= Ry (™7 + O(Ry~ %9 log Ru))
1
E™F = inf <w(v+|wﬁw>~1
Il =1 2
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equation with N-dependent nonlinearity, i.e.

i0ehe = (—A + V(x)) ¥e + Rt [*1):.

In this case the kinetic term is negligible with respect to the other terms as
N — +o0, and it was proven in [BCPY07]

f AV 4+ N —
=t <w’ < VRSl

= Ry (™7 + O(Ry~ %9 log Ru))

ETF —  inf / d <V(x) + ;p(x)> p(x) ~ 1

ol =1,p>0
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Mathematical Framework  Many-Body Hamiltonian

To prove the previous estimates the explicit form of the trapping potential
was exploited to use the scaling property of the TF energy. Indeed if
pA(x) = A3p(Ax) we get

& " lp) = /Rs d (VOO +5009) 00, BT o= i o0 1)

8] = X PE R = R = RECER

and if p;,FF denote the corresponding minimizer we get

_3 _1
R0 = Ry ol (Ry ™) = ok

o). [l ~1

leo
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Mathematical Framework  Many-Body Hamiltonian

For the GP energy a similar rescaling yields

R0l = [ o {ITU0ar + Ve lweoR + T it}
GP ._ in GP
Friy = iy S 1]

__s+2
Calling now € = Ry, ***> (notice £ — 0) we get

£[u] = [ o {2 ITU00R + VOO Lo + 5 vt}
B = it £,

EQY = #EY o). = o)), |7, ~1

[

A rescaling is needed at the many-body level to observe a nontrivial
behavior.
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Mathematical Framework  Rescaling of the Hamiltonian

We rescale the many-body Hamiltonian in such a way that the interaction
and the trapping potential scale in N in the same way.
Let Uy denote the unitary operator implementing the rescaling of all

1

lengths y = R&sT“”x, then
=5 _ N 1
UnHnUn = Ry | D (=285 4+ V() + v (v = &)

j=1 1<j<k<N

~ 1
with N := R,(jl(SH)N — 400.
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Mathematical Framework  Rescaling of the Hamiltonian

Recall Wy ; = e~ tHN Y : if we rescale also the time as 7 := R,ﬁ,T"‘t so that
the energy which is preserved is of order 1 in N and set

Sy, = UnVnt

then @y ; solves

N
. 1
’87'¢N,T - Z (—EzAJ‘ + V(yJ)) + N
Jj=1 1
Pnrlimg = Pno = UnWn

)

Daniele Dimonte (SISSA) Time evolution for Condensates in TF June 2018 11 / 23



Main Result

Theorem [M. Correggi, DD, D. Mitrouskas, P. Pickl - work in progress]

Let ! and ©C" be the solutions of
. 2
i0F = =2 AL + V(y)er + vy * |of|
. 2
i0rp7" = —e2DgFT + V(y)eFT + a7 o

with the same initial datum ¢g; assume that £GF[po] < ETF + £2K. then
for each € [0,1/6) and o € (0,1 — 603) there exist finite constants C, C;
and D; depending only on HgoH and HapSPHOO such that

oo

[ = 1o

|8 — 627, < Drv/Reer2 N5 exp { € ([P 2, + 1M1, ) 7}

| < G N5 e (||| 7}
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Main Result  Remarks

Remarks

@ The study of vortices in Bose Einstein Condensates is often carried on
in two dimensions. Our proof does not really depend on the
dimensions so a similar result can be obtained also in d = 2.

A related open problem is still the derivation of the two dimensional
GP equation as an effective model for a three dimensional system
trapped by a cylindrical trap. One other open question is the
derivation for GP-like limit with 8 > ¢.
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Main Result  Remarks

Remarks

o At time t = 0 we typically have |yl = O(1). Given the small
parameter in front of the kinetic term we expect such an estimate to
be true also at later times and in that case C; = O(1) and
D; = O(1), but this still is an open question.

@ The optimal case one can consider is when (g is the ground state for
the energy of the system. In this case we have that ||¢g||,, = O(1)
and K. = O(|logel).

The timescale one then obtains is 7 = log V.
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Main Result  Remarks

Remarks

e In [JS15] R. Jerrard and D. Smets proved that if K; is of order
O(|loge|) and the initial datum g has a finite number of vortices in

it then they move on a timescale of order |7 ~ e 2 |loge| ! | along the

level sets of the potential (spheres in this case).

@ With the two previous hypotheses on the initial datum ¢g the time

scale for which the proof still holds true would be of order .

Assuming now that £ 2 ||og»3]71 < log N our results holds for times
long enough to observe the motion of vortices as described in [JS15].
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Sketch of the Proof

The proof is divided in two parts:

@ approximate the many-body solution ®p . with a product state built
from the Hartree solution !;

o estimate the difference between ! and pCF.
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Sketch of the Proof = Many-Body to Hartree

Many-Body to Hartree

Following [P11], for the first part of the proof the idea is to look at a

quantity that measures how many particles are out of the condensate:
defining

p=lel) e, g:=1—p.

We can then aim at a Gronwall-type estimate for

N
1
o = <¢N,T, N qu ¢N,T> = (PN, q1 Pu,r)

j=1

where the choice of the first particle does not matter thanks to the
symmetry of the system.
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Sketch of the Proof = Many-Body to Hartree

An easy computation gives

Orar <C(Pnr, P12 Viop1p2Pn )| +
+C (PN q1q2Viop1po P o) | +
+C (PN q1q2Viop1 P o) | =
=+ 11+ 1l

where Vip = V,q(Yl — ) — VN * }@E’ (y1)-
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Sketch of the Proof = Many-Body to Hartree

An easy computation gives

Orar <C(Pnr, P12 Viop1p2Pn )| +
+C (PN q1q2Viop1po P o) | +
+C (PN q1q2Viop1 P o) | =
=+ 11+ 1l

where Vip = V,q(Yl — ) — VN * }@E’ (y1)-

The main term is /I (the first is identically zero, while the third is
subleading thanks to the presence of three ¢'s).
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Sketch of the Proof = Many-Body to Hartree

Given that by definition
lqidn-)* = ar

we would like to "move” one g from one side to the other. To do so we use
the symmetry of the wave function to get

II=[{®Pn7,q192Viop1pa®ir)| <

N

| qu‘Vljplpj‘DN,r <
=2

1
< N lgi®n -

1
< N\/ar\/l\/z (Pn,r, P1P2V12G2G3Vizpip3®y ) + (- ..) <
< \/CVT <047'

Time evolution for Condensates in TF

4
V12P1H0p + (.. ))
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Sketch of the Proof = Many-Body to Hartree

4 2(|2 4
H\/ V12P1Hop = HVN* ‘SDE| HOO < ||VH% HSOEHOO

Using the inequality above we get the desired result.
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Sketch of the Proof = Many-Body to Hartree

4 2(|2 4
H\/ V12P1Hop = HVN* ‘SDE| HOO < ||VH% HSOEHOO

Using the inequality above we get the desired result.
Remarks:

@ while the philosophy of the proof is the same, the actual result as
stated above makes use of a different definition of a; which allows us
to better measure the number of particles outside of the condensate;

o if we assume less regularity on the solution (for example estimates on
the L° norm only) this quantity now becomes

|v V12p1H4 < W |3 |1l < €= Jlog =l V7
op

and the final estimate of the time gets worse: in particular we do not
reach the time scale of vortices.
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Sketch of the Proof  Hartree to Gross-Pitaevskii

Hartree to Gross-Pitaevskii

For the second part we try to estimate directly the derivative of the
difference, so we study

O ek = of <[ (el (vl = 2177 o87)) <
< [( = o8 v (| = 87 7) 87+
|, (v [P 2 = a7 7) 57))

While the first term can be easily related to the L? difference of the
solutions, the second require a more detailed estimate for the convergence
of vy to a delta.
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Sketch of the Proof  Hartree to Gross-Pitaevskii

Notice first that

‘ «2SP ) (y a!s@?P(y)H =

/dl|/$6| (z)/olds
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Sketch of the Proof  Hartree to Gross-Pitaevskii

Notice first that
v * |95 () = aleSP )| =

=| [ oz - 2) [ as 21687 sty - )

/dl|Z| (Z)/lds SDGP y_iz/ VQDGP y_iz/
NP 0 4 NB T NB

(e (v = 187 am ) 87| <

< S IV LIS < = 621, VR

<

allowing us to conclude.

Daniele Dimonte (SISSA) Time evolution for Condensates in TF June 2018 22 /23



Sketch of the Proof  Hartree to Gross-Pitaevskii

Thanks for the attention!
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